Shape invariance is an important ingredient of many exactly solvable quantum mechanics. Several examples of shape invariant "discrete quantum mechanical systems" are introduced and discussed in some detail. They arise in the problem of describing the equilibrium positions of Ruijsenaars-Schneider type systems, which are "discrete" counterparts of Calogero and Sutherland systems, the celebrated exactly solvable multi-particle dynamics. Deformed Hermite and Laguerre polynomials are the typical examples of the eigenfunctions of the above shape invariant discrete quantum mechanical systems.
Introduction
Many exactly solvable quantum mechanical systems, for example, the harmonic oscillator without/with a centrifugal potential, the coulomb problem, the trigonometric and hyperbolic Pöschl-Teller potential, the symmetric top etc. are shape invariant [1] . Here we will show that this concept is also useful in a wider context of "discrete quantum mechanics", in which the momentum operator p = −i d/dx appears as an exponential (hyperbolic) function instead of a polynomial in ordinary quantum mechanics. For demonstration, we present several explicit examples of shape invariant discrete quantum mechanics in some detail. The corresponding eigenfunctions are orthogonal polynomials belonging to the family of Askey-scheme of hypergeometric orthogonal polynomials [2, 3] . The examples, roughly speaking, are related to one and two parameter deformation of the Hermite polynomials and two and three parameter deformation of the Laguerre polynomials. They could be interpreted as describing deformed harmonic oscillator with (Laguerre) and without (Hermite) the centrifugal potential. They also arise in many contexts of theoretical physics [4, 5] .
These examples arise within the context of multi-particle exactly solvable quantum mechanical systems, in particular, the Calogero and Sutherland systems [6] and their deformation called the Ruijsenaars-Schneider-van Diejen systems [7] . Their integrability Shape Invariant Potentials in "Discrete Quantum Mechanics" 3 
Deformed Hermite (Meixner-Pollaczek) Polynomials
The simplest and best known example of exactly solvable and shape invariant quantum mechanics is the harmonic oscillator
The Hamiltonian is factorised and the eigenfunctions are the Hermite polynomials, H n (x):
One naively expects that a certain deformation of the Hermite polynomials would constitute the eigenfunctions of a simplest shape invariant "discrete quantum mechanics". This is exactly the case and will be explained in some detail in this section.
Let us start with the following Hamiltonian,
3)
In the discrete quantum mechanics the momentum operator p = −i ∂ x (with = 1) appears as exponentiated instead of powers in ordinary quantum mechanics. Thus they cause a finite shift of the wavefunction in the imaginary direction. For example,
Throughout this paper we adopt the following convention of a complex conjugate function: for an arbitrary function f (x) = n a n x n , a n ∈ C we define f * (x) = n a * n x n . Here c * is the complex conjugation of a number c ∈ C. Note that f * (x) is not the complex conjugation of f (x), (f (x)) * = f * (x * ). This is particularly important when a function is shifted in the imaginary direction.
Factorised Hamiltonian It is easy to see that the above Hamiltonian (2.3) is factorised:
6)
Here † denotes the ordinary hermitian conjugation with respect to the ordinary L 2 inner product:
Obviously the Hamiltonian (2.3) is hermitian (selfconjugate) and positive semi-definite.
The ground state φ 0 is annihilated by A:
The above equation reads
The other eigenfunctions of the Hamiltonian (2.3) can be obtained in the form 10) in whichH is a similarity transformed Hamiltonian in terms of the ground state wavefunction φ 0 :
The eigenvalue equation (2.10) is now the following difference equation 12) which obviously has a polynomial solution, P n (x) = a n x n + lower degree terms, of definite parity, P n (−x) = (−1) n P n (x). By comparing the coefficient of the highest degree x n term, we find easily
13)
The orthogonal polynomials {P n (x), n ≥ 0} with respect to the weight function
satisfy the three term recurrence, which reads
for the monic polynomial, p n (x) = x n + lower degree terms. With proper normalisation 16) it is a special case of the Meixner-Pollaczek polynomial. Here we follow the notation of Koekoek and Swarttouw [3] . Since the second argument π 2 remains fixed throughout our discussion, we will omit it:
n (x).
They are polynomials in both x and λ with real and rational coefficients. The MeixnerPollaczek polynomial also appears in a "relativistic oscillator" model [4] . Corresponding to the factorisation of H (2.5),H is also factorised:
∂x .
(2.19)
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Let us define a new set of wavefunctions
As a consequence of the factorisation, they form eigenfunctions of a new Hamiltonian
with the same eigenvalues {E n }:
Shape Invariance It is straightforward to evaluate the reversed order product AA † :
It has the same form as H with a constant term E 1 = 1 added and the parameter λ shifted by 1 2 . Thus it is again factorised:
The ground state wavefunction is φ 1,1 annihilated by A 1 :
Clearly this process can be repeated as many times as the number of discrete levels of the original Hamiltonian H (2.3):
All these Hamiltonians share the same spectra {E n }, n = 0, 1, . . .. The eigenfunction of the s-th Hamiltonian H s are given by
Since the ground state φ n,n of the n-th Hamiltonian H n is known explicitly, we can express the n-th eigenfunction φ n ≡ φ 0,n of the original Hamiltonian H (2.3) in terms of A † and φ n,n by repeated use of the above formula (2.41):
This is another formula giving the eigenfunction φ n (x; λ) ∝ P (λ)
n (x)φ 0 (x; λ). The situation is depicted in Fig.1 . The operator A acts to the right and A † to the left along the horizontal (isospectral) line. They should not be confused with the annihilation and creation operators, which act along the vertical line of a given Hamiltonian H s going from one energy level n to another n ± 1. The annihilation and creation operators will be discussed in section 3 in a more general setting.
3 Other examples of shape invariant "discrete quantum mechanics"
The other examples of shape invariant "discrete quantum mechanics" are related to a two-parameter deformation of the Hermite polynomial, and two-and three-parameter deformation of the Laguerre polynomial. The Laguerre polynomials are the eigenfunctions of a harmonic oscillator with a centrifugal barrier (1/x 2 potential). They all belong to the Askey scheme of hypergeometric orthogonal polynomials [3] . Demonstration of the shape invariance and derivation of shift operators and eigenfunctions, etc. go almost parallel with the case of the deformed Hermite polynomials in section 2. We discuss them collectively by adopting an (almost) self-evident notation.
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... 
(ii) : two-parameter deformation of the Laguerre polynomial, the continuous dual Hahn polynomial,
n (x) ∝ S n (x 2 ; a, b, c). 
10)
For space reasons we write the ground state wavefunction in terms of the absolute value symbol as in (3.2) which should read
as in (2.8).
Factorised Hamiltonian Factorisation and consequently the positive semi-definiteness of the generic Hamiltonian hold exactly the same as before:
14)
15)
Here λ denotes the (set of) parameters. The ground state φ 0 is annihilated by A:
Verification of the ground state wavefunction (3.2) for (i), (3.6) for (ii) and (3.10) for (iii) is straightforward. The similarity transformed HamiltonianH = φ
11) determines the other eigenfunctions of the Hamiltonian in the form φ n (x) ∝ P n (x)φ 0 (x), HP n = E n P n (2.10). They are the difference equation of the form
Explicitly they read for the three cases listed above:
They admit a degree n polynomial solution in x for (i), and in x 2 for (ii) and (iii). By comparing the coefficients of the leading degree, one obtains the energy eigenvalues E n (3.3), (3.7), (3.11). The solutions form orthogonal polynomials satisfying three term recurrence, which will not be shown here, see [3] . The corresponding factorisation ofH,
∂x ), (3.22) Shape Invariant Potentials in "Discrete Quantum Mechanics" 9 provides the forward and backward shift operators of the polynomials. The C operator, corresponding to the A operator, shifts to the right along the isospectral line:
The B operator, corresponding to the A † operator, shifts to the left along the isospectral line: B :
n (x). For each case they are:
Shape Invariance For shape invariance, we first need to find the operators A 1 , A † 1 and a real constant E 1 satisfying
32)
33)
In other words, given V (x) = V (x; λ), find a new potential V 1 (x) = V 1 (x; λ) satisfying
If V 1 has the same form as V with a shifted set of parameters λ ′ ,
, the above conditions (3.35), (3.36) get slightly simplified:
The following choice satisfies the above conditions (3.38), (3.38) for the three cases (3.2)-(3.12):
Here A s , A † s are defined by
As a consequence of the shape invariance, we obtain for n ≥ s ≥ 0:
56)
A s (x; λ)φ s,s (x; λ) = 0, (3.57)
11
The eigenfunction φ s,n has n − s nodes, or the corresponding polynomial is of degree n − s in x for (i), and in x 2 for (ii) and (iii). In the latter case, the zeros on a half line, say x ≥ 0, count as the nodes. From these we obtain formulas
corresponding to (2.34) and (2.42) discussed in section 2. The former (3.59) gives the eigenfunction φ s,n of the s-th Hamiltonian H s along the isospectral line with energy E n , starting from φ n of the original Hamiltonian H by repeated application of the A operators. The latter (3.60), on the other hand, expresses the n-th eigenfunction φ n of the original Hamiltonian, starting from the explicitly known ground state φ n,n of the n-th Hamiltonian H n by repeated application of the A † operators. The latter formula (3.60), a simple generalisation of the well-known formula for the harmonic oscillator |n ∝ (a † ) n |0 , could also be understood as the generic form of the Rodrigue's formula for the orthogonal polynomials.
In order to define the annihilation and creation operators, let us introduce normalised basis {φ s,n } n≥s for each Hamiltonian H s . Ordinarily, the phase of each element of an orthonormal basis could be completely arbitrary. In the present case, however, the eigenfunctions are orthogonal polynomials. That is, they are real and the relations among different degree members are governed by the three term recurrence relations. So the phases of {φ s,n } n≥s are fixed. Let us introduce a unitary (in fact an orthogonal) operator U s mapping the s-th orthonormal basis {φ s,n } n≥s to the (s + 1)-th {φ s+1,n } n≥s+1 (see Fig.  1 and for example [16, 17] ):
U sφs,n =φ s+1,n+1 , U † sφs+1,n+1 =φ s,n .
(3.61)
We denote that U 0 = U . Roughly speaking U increases the parameters from λ to λ + [ã,ã † ]φ n (x; λ) = (E n+1 (λ) − E n (λ))φ n (x; λ). For the harmonic oscillator (2.1) U =id. and we recover the known result. For the linear spectrum E n = n, n/2 of the deformed Hermite polynomial (2.3) and the two parameter deformation of the Laguerre polynomial (3.5)-(3.8),ã andã † have the same (up to rescaling) commutation relations as those of the harmonic oscillator. Essentially the same arguments and results hold for the annihilationã s = U † s A s (x; λ) and the creation operator a † s = A s (x; λ)U s for the Hamiltonian H s .
